Abstract. Using a simple method, numerous summation formulas for hypergeometric and basic hypergeometric series are derived. Among these summation formulas are nonterminating extensions and q-extensions of identities recorded by Lavoie, Luke, Watson, and Srivastava. At the result side of the basic hypergeometric summations there appears a q-analogue of the digamma function. Some of its properties are also studied.
1. Introduction and description of method. In 11, 9, 10, 17] a simple identity for hypergeometric series is combined with a limiting process to obtain summation formulas for hypergeometric series in which the digamma function appears at the result side. In this paper we start with the q-analogue of this identity. Again by limiting processes, we derive numerous identities for basic hypergeometric series, among which are nonterminating extensions and q-analogues of the identities in 11, 9, 10, 17] . Not surprisingly, at the result side of our identities there appears a qanalogue of the digamma function. Letting q tend to 1, also several new summations for hypergeometric series are obtained.
We adopt the usual conventions of writing basic hypergeometric series (cf. (a 1 ) n (a r ) n n! (b 1 ) n (b s ) n z n ;
and the short notation V (a; a 1 ; : : : ; a r?1 ; z) := r+1 F r a; 1 + a=2; a 1 ; : : : ; a r?1 ;
a=2; 1 + a ? a 1 ; : : : ; 1 + a ? a r?2 ; z for the very well-poised hypergeometric series. All identities in our paper are subject to suitable conditions on the parameters such that the involved hypergeometric or basic hypergeometric series converge. We shall not state these conditions for each identity. The reader should consult 5, pp. 4{5].
We shall frequently use the short notations where ?(z) is the Gamma function. Now let us describe our method.
The aforementioned q-analogue of the identity utilized in 11, 9, 10, 17] is It is straight-forward to verify this identity. Suppose that the parameters in this identity are chosen such that the resulting r s -series at the right-hand side of (1.1)
can be summed. By letting a 1 , say, approach to 1 and by computing the limit at the right-hand side by application of l'Hôspital's Rule, we then obtain a summation formula for the resulting basic hypergeometric series at the left-hand side. Because of the application of l'Hôspital's Rule, we have to deal with derivations of in nite expressions (a; q) 1 . This results into the appearance of a q-analogue of the digamma function. Though this q-analogue previously appeared in the literature 1, 13, 14], it does not seem to have been studied so far. Therefore, as a preparation, in the next section we derive some of its properties. In the subsequent sections we list the identities that are obtained by our method; in section 3 those that are derived by summing the r s at the right-hand side of (1. 2. The q-digamma function. Thomae 18] and F. H. Jackson 7] introduced the following q-analogue of the gamma function (cf. 5, sec. 1.10, Ex. The expression at the right-hand side of this equation is just one of the many ways of writing the digamma function (x) (cf. 4, 1.7. (3)]). This would prove lim q"1 q (x) = (x). We start with proving (2.5). In the rst step we rewrite the expression at the left-hand side of (2.5 which is greater than 0 for 0 < q < 1. Together with lim q"1 g(q) = 0 this implies that g(q) < 0 for 0 < q < 1. That is, the inequality (2.9) holds, hence also (2.8). This nishes the proof of (2.5). For the proof of (2.6), we proceed as follows, x ? 1 (n + 1)(n + x) :
The interchange of limit and summation can be justi ed in a similar manner as above in the proof of (2.5). We omit the details.
Finally we show lim q#1 q (x) = (x). If q > 1 we can rewrite (2. This completes the proof of Theorem 1.
From now on we always assume q to be a complex number with jqj < 1.
For our purposes, because of notational convenience, it will be useful to consider a \logarithmic-free" variant of q (x), namelỹ So the limit lim q"1~ q (q x ) does not even exist, but at least, because of (2.11) and Theorem 1, we have lim q"1 ~ q (q x ) ?~ q (q y ) = (x) ? (y) ; (2.12) which su ces for our purposes.
The next Theorem lists miscellaneous properties of the q-digamma function~ q (x). These will be of relevance in the subsequent sections when manipulating q-digamma functions and when taking limits of q-digamma functions. (1 ? x)(1 ? y) 3 2 x; y; q; qx; qy; q; q ; The following Theorem lists some relevant properties of~ (1) q (x).
Theorem 3. There hold the following identities.
lim q"1~ (1) q (q x ) = (1) (x) ; (2.22) where (1) (x) denotes the rst polygamma function, lim q"1~ (1) q (?q x ) = 0 ; (2.23) lim N!1~ (1) q (xq ?N ) =~ (1) q (x) +~ (1) q (q=x) ; (2.24) (1) q 2 (x) +~ (1) q 2 (qx) = (1 + q)
2~ (1) q (x) :
(2.25) Sketch of Proof. We have
The right-hand side in this equation equals (1) (x) (cf. 4, 1.16. (9)]). The proof of (2.23) is analogous to that of (2.18) and is therefore omitted. Identity (2.25) follows directly from the de nition (2.21).
The In fact, by setting r = 7, x = a, y = 1=a, u = ?c, and (A), (B), z such that the left-hand side of (5.4) becomes the 8 7 in (5.2), at the right-hand side of (5.4) we obtain two 8 7 's which can be evaluated by means of (5.1). In order to see this, set x = aq, y = q=a, u = ?cq .7). Thus, since the parameter ?c is cancelling, at the left-hand side we just obtain the 8 7 of (5.3). At the right-hand side we obtain two 8 7 's which can be summed by means of (5.1).
As rst application of our method in this section, in ( The series in (5.8) actually is the very well-poised series 8 This identity is a q-analogue of an identity of Watson 20; 9, (6)].
Next in ( Replacing d by cq=d and letting c ! 1, we get a q-analogue of 9, (2)], which after some manipulation can be brought into the form In the computations which nally lead to (5.11) we also used the three-product relation (5.5).
An interesting special case of (5.12) arises when setting d = aq ?2N and then letting N ! 1. By this procedure the in nite products at the right-hand side approach to ?~ (1) q (cq) ?~ (1) q (?cq) : (5.16) This identity is a q-analogue of 9, second identity on p. 216]. To obtain another identity from (5.14), we replace c by ?c, set d = ?q ?N and let N ! 1. By using (2.19) 
(1 + c) ? (1) (?c) :
Finally, in (1.1) choose a 1 = ?c q, a 2 = i p c q respectively. The last remark at the end of section 4 also applies here. All the series appearing in (5.8){(5.23) with the exception of (5.22) are very well-poised series with cancelling leading parameter. 6 . Identities related to Verma and Jain's q-analogue of Watson's 3 F 2 -sum. In this section we rely on Verma and Jain's identity 19, (1.5)] We start by recording two identities contiguous to (6.1), 
